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Physics-informed operator learning

e Neural partial differential equation (PDE) solver: find Ay such that

Ny(p) = u, subjectto R(p,u) =0, forall p~ p,

where
o p — parameter function/array; p — probability distribution
o u — state/solution function
o R(-,-) — PDE residual
o Np(-) — neural network parameterized by trainable weights 6
o Benefits

o deployed in downstream tasks that need frequent evaluation of u = u(p)
o quickly provides a good initial guess of u for the iterative solver
o ...

e One way to promote physical consistency is to minimize PDE residual loss
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Motivation

Stationary diffusion equation with mixed Dirichlet-Neumann boundary conditions

—div (pVu) =f, in Q,
u = uop, on Ip,

pVu-n=g, on Iy,
The residual loss in Physics-Informed Neural Network [Raissi et al., 2019]

L(0) = ||div (pVug) + flI72(q) + Atllue — tollf2r,) + A2llpVug - n = g2,

fails to provide uniform upper and lower bounds on the true error in a proper PDE
norm (is NOT variationally correct) because

feHY(Q), ueHY*(Tp), geHY(y).
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Variationally correct residual loss

Find u(p) such that
F(up)(v) =0, VveV,

with a suitable test space V such that
[F(wip)llv = |lw — ully
with constants that are uniform in p.

Prior work
e minimax problem with Weak Adversarial Networks (WANSs) [Zang et al., 2020]
e Discontinuous Petrov Galerkin (DPG) Loss [Castillo et al., 2025]
e First Order System Least Squares (FOSLS) Loss [Bachmayr et al., 2025]
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FOSLS loss [Bachmayr et al., 2025]
Step 1. (weak form) Given f € U’ find u € H}(Q) satisfying

ulr, = ug, and by(u,v):= /Qqu -Vvdx =f(v)+(g,v)r,, veU,
where U := {u € HY(Q) : u|r, =0} .
Step 2. (lift boundary data) Solve two auxiliary parameter-independent problems
For ulr, = up: find w € H1(Q) such that

(Vw,Vv)a =0, veHYQ), w|r, = uw.

For (g, v)r,: find g € U such that

(Va,Vv)a = (g, viry, vel.

. We set z := Vg, and write u = uv° + w.



FOSLS loss [Bachmayr et al., 2025]
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Step 3. We assume f to be flux-free along the Neumann boundary;
f(v)=(f,v)a—(f,Vv)q, vel.
where f, € [5(Q) and f; € Lo(Q;RY).
The equivalent weak formulation becomes
(pV(u° +w)—z+ f,Vv)g =(h,v)q, vel.
Introducing the auxiliary flux variable
o =pV(u+w)—z+HheX ={reHdiv):7-n=0 only},
we obtain
(c° =pVu°,T)g = (F,7)q, —(diveo®,v)q=(h,Vv)q,
where F := pVw — z + f; € La(;RY) and (7,v) € L(; RIH).

For any approximation [6°, i°], the first-order system least-squares (FOSLS) loss is

L([5°, 8 p) = 115° = (pVE° + F)IF, qrey + 1div5® + £If,q)-



Finite element (FE) approximations
Assume the approximation [5°, i°] is in some finite dimensional FE space X x Up:

(RT with zero Neumann BC) x (CG,, with zero Dirichlet BC)

where RTy is the Raviart-Thomas element of order k, and CG,, is the continuous
Galerkin element of order m. Then the FOSLS loss can be easily computed by finite
element assembly for either neural network training or finite element solve .

\
NN(0)

DoFs of p —" DoFs of &, it — Assembly (DoFs of p, &, @i; FE basis) — optimizer

DoFs of p
Assembly (DoFs of p, &, ii; FE basis) — Newton’s method

Guess of DoFs of 5&/‘\ /

7/34



Neural operator (architectures)
Reduced basis neural operator (RBNO)

5(pi 0)(x) = (91(x), -, o, (X)) (71, - - - 7r) 5r(p; )

FE basis DoFs of RB RB coeff.

We choose
e POD basis for m4's (in the discrete H(div) x H* norm), and
e a Convolutional Neural Network (CNN) for s,(- ;0)
p Si(-;0)=LyoooljoFlatteno Cpo---0Cy: RAXW — R,
ros
o Greatly reduce optimization difficulty (compared to predicting full DoFs directly)
e Much less GPU memory and computational cost for training and inference
Cons
e Need some solution snapshots to compute the POD basis

e Need much more basis functions for slow decay Kolmogorov n-widths cases
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Neural operator (loss evaluation)
o When the PDE is linear, we obtain the discrete FOSLS loss
L(3;p) =w' W,w,

where w = (§;1) € RM*1 is a concatenation of the DoF § € RV and 1.

e Since we use the POD basis, the loss becomes
L(s;p) = s, | Wprs, + 2s,Ta£ + By,

To speed up training, we precompute and store W', o and j3, offline.
e We then train the RBNO over finite parameter samples with empirical risk

N
1 . .
N > L(s(p;6);01).
i=1
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Theorem (FE error < FE residual)
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Theorem 1

Assume Q is Lipschitz and p € L*°(Q) is uniformly bounded with

0 < a <p(x) < B < oo independent of p € P. Let X = RT} and Uy = CGy, on a
shape-regular mesh of size h with k > 0, m > 1. Let [0°, u°] be the exact solution and

[0}, up] the Galerkin solution in ¥, x Up. Then, for each fixed p € B, one has the
error-residual equivalence

o ,01. _ o o2 o o2
L([oh, uplip) = [lo° — JhHH(div;Q) + [Ju® - uhHHl(Q)7
with equivalence constants depending only on «, 3 and the domain.

Moreover, if 0° € H* (Q;RY), divo® € H%v (Q) with sy, sqiy > 0, and u°® € H%(Q)
with s, > 1, then

£([az’ U;];p) 5 h2min(k+1,sg) HO-OH%-ISU + h2min(k+1,sdiv) ||diVO-o||%-lsdiv

+ K2 min(m,s,—1) HUOH%—ISU'



Theorem (quasi-optimality of RB FOSLS solution)

Theorem 2
Let sp(p) = [o5(p), up(p)] € Hp := Xy x Uy be the FE FOSLS solution and

sr(p) = [07(p), uf (p)] = argming, e, L£([7r, vi]i p)

be the RB FOSLS solution in the POD subspace H, := span{¢1,...,¢,} C Hp.
For any s, € H,, there holds

L(srip) = | sn(p) — s IIF + L(sk(p); p)-

In particular, the reduced FOSLS solution satisfies the quasi-optimality bound

[I'sr(p) = sn(p) [l =~ min ||, — sn(p) |la-
treH,

r
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Theorem (error decomposition)
Theorem 3

0 € (0,1), with probability at least 1 — §, there holds

Epou | ls(p) -

Under the uniform boundedness assumption of neural network output, for any

se(pi 0)I2] < <7 inf B [£(s:(pi6):p)]

% 2P Iog el
+ M N CL 80pt7

Moreover, there exist constants Cy, Cy, depending on FE discretization, and uniform
FOSLS stability, respectively, such that the approximation error can be decomposed as
follows

k>r
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inf By [L(s:(9:0):0)] < G{H+ D" M} + Co jnf Byl (p) — (i )]

Here the exponent 1) depends on the regularity of the exact FOSLS solution



Numerical Experiments
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Problem setup (stationary diffusion equation)
Strong form of the linear case:

—div (pVu) =f, inQ,
u = up, onlp,
pVu-n=g, on [y.

Goal: learn the parameter-to-solution map p — wu. For p, we consider two cases:

parameter (setup 1) parameter (setup 1)

=

©

o

IS

N

p(x) = Lo\ (g, () + 2125 101115 (x), pi ~ U(=1,1)  p(x) = 0.01 + exp(m(x)), m ~ N(0, (6/ —

(electronics heat conduction) (Darcy flow)
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Configurations (Darcy flow)
e Domain: Q = [0,1] x [0, 1].
e Boundary data:
up(x) =1—x1, X € Nefe UTrighe =: p,
g(X) =0, xe¢ rtop U lMNpottom = I'n-

ZlOOexp( <”X_ C’”2> > :

where ¢; = (m/4,n/4) for m;n=1,2,3 and w = 1/32.

e Finite element discretization:

e Source term:

num x X num y = 128 x 128, p € CGy, |[o,u] € RT; x CGo,
= #DoFs(p) = 16,641, #DoFs([o, u]) = 230,401,
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Problem setup (stationary elasticity equation)
Strong form

—div(o(u;p))=f, inQ,
u = up, onlp,
o(u;p)-n=t, on [y.

Here, we use o to denote the first Piola-Kirchhoff stress tensor (instead of the Cauchy
stress tensor for notation consistency), and t is the traction. Let

F:=1+Vu, ¢:= %(F—l—FT—ld), J = det(F).
, o pv __ P
Lamé parameters: A = A+ 01 —2) W= 20+ 0)
o Linear: ¢(F) = pe : e + 5(tr(e))?
Then 8¢
o(u;p) = o(F(v)) := 5 =(F).
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Configurations (linear elasticity)

e Domain: Q = [0,2] x [0, 1].
e Boundary data:
UO(X) = (an)Tv X € I_Iefty
t(X) _ (O,O)T, X € I_top U I-bottomv
(0.06 exp(—(x2 — 0.5)2/4), 0.03(1 + x2/10)) T, x € [right,

e Source term f(x) = (0,0)".

e Finite element discretization:

num x X num_y = 128 x 64, p e CGy, [o,u] € RT? x CG3,
= #DoFs(p) = 8,385, #DoFs([o,u]) =230,914.
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Configurations (miscellaneous)
Reduced basis neural operator

Use Npop = 1000 solution snapshots to compute 512 POD modes

Precompute reduced weight to speed up training for linear case

LeakyReLU activation function: o(x) = max(0, x) + 0.01 min(0, x)

Initialization method: xavier uniform

# trainable parameters 15.1 M (Darcy flow) and 6.1 M (elasticity/hyperelasticity)
Optimizer: SOAP [Vyas et al., 2024]

Learning rate scheduler: StepLR

Numerics precision: float32 for CNN, float64 for linear reconstruction

Hardwares and softwares
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Device: AMD EPYC 9334 CPUs and one NVIDIA L40S GPU
Programming language: Python 3.13
Core libraries: DOLFINx 0.9.0, PyTorch 2.6.0



FE loss vs. mesh size & FE order (with m = k + 1 for RT, x CG,)

102 Darcy Flow Linear Elasticity
)] )
%) %)
o o
c c
(] (]
IS IS
Q Q
(0] (0]
] ]
£ =
(= (=
2"8 277 276 275 274 277 276 275 274 273
mesh size h mesh size h

L:([O'Z, uz]; p) S h2 min(k+1,s5) HUOH%-ISO + h2 min(k+1,sqiy ) HdiV O-O”%-Isdiv + h2 min(m,s,—1) HUOH%-ISU

< D when 0° € HAHL dive® € HRHL, u° e H™HL
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RB error vs. (RB loss - FE loss)

Darcy Flow Linear Elasticity
A A
100 ¥ A
107! \\‘\\
3107 E
3 3
1072
10-2 A
—¥— Mean squared error - —¥— Mean squared error a Y
4~ Mean of RB-FE loss difference \X 44— Mean of RB-FE loss difference N
1 2 4 8 16 32 64 128 256512 1 2 4 8 16 32 64 128 256512
Number of basis functions Number of basis functions

Comparison between the empirical mean squared error E,.,,[||s-(p) — sn(p)||%] and the
empirical mean loss difference Ep,, [£(s/(p); p) — L(sn(p); p)]. Both quantities are
estimated over 500 random samples (using RT1xCG; elements for sp).

L(sr:p) ~ [ sn(p) — sr I + L(sn(p); p)-
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RB FOSLS minimizers' quasi-optimality

Darcy Flow
o -\'\.\
10—1 \-\

Linear Elasticity

\\

] \
E 2 N
2 S
10—2 \\\\1\
—¥— Mean squared error (MSE) \:‘\\: —¥— Mean squared error (MSE) \\ <
< Xj projection error 10-3 < Xp projection error
10-3] 4 Eigenvalue-based error estimate 4— Eigenvalue-based error estimate \x
1 2 4 8 16 32 64 128256512 1 2 4 8 16 32 64 128256512
Number of basis functions

Number of basis functions

Comparison between the empirical mean squared error Ey, [||s-(p) — sn(p)|[3] of the
RB solution s, (approximated over 500 samples with respect to the FE solution s,
using RT1xCG; elements), the square of the X,-projection error of s, onto the RB

space H,, and the eigenvalue-based error estimate.
2 . 2
I 5v(e) = sn(e) B = min ] & — sn(p) .
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When to stop training?

104
103
102
10!
10°
10!

Loss

1072

Darcy Flow (num_train: 1000)

—— Training Loss
Validation Loss

@ Final training loss
® Lowest validation loss
o ,\\ *  Best model saved

7.81e-02

4.62e-03

100 10? 102 103

Iteration

Darcy Flow (num_train: 3000)

102

10!

Loss

10°

107!

1072

3 —— Training Loss
10 Validation Loss
/ ® Final training loss
..%

A ® Lowest validation loss
Best model saved

N\

2.37e-02

,35303

10°

10! 102 103
Iteration

Empirical loss decay over optimization iterations on the training set with 1000 samples
(left) and 3000 samples (right), and on the validation set with 500 samples. During
training, model checkpoints are updated whenever the validation loss decreases, and
the final model is selected as the checkpoint with the lowest validation loss.
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MSE & RBNO loss vs. number of training samples
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Darcy Flow

10°

MSE (RBNO solution - RB solution) %\ -
MSE (RBNO solution - GT solution) \

-

<

A— RBNO loss v
16 64 256 1024 4096

Number of training samples

Linear Elasticity

W —¥- MSE (RBNO solution - RB solution)
< MSE (RBNO solution - GT solution)
100 —4— RBNO loss
A
[
2 -1
s 10 *_
AN
AN
NS
N N
-2 SN
10 NS
X
16 64 256 1024 4096

Number of training samples

Decay of the empirical RBNO loss E,,, [£(s/(p; §); p)] at the RBNO solution s, (p; f),
the empirical mean square error between the RBNO solution and the RB solution
Ep~p[l|sr(p) — s-(p; 0)||%], and the empirical mean square error between the RBNO
solution and the “ground truth” FE solution (with RT3xCG4 elements)

Epu [1158(p) — sr(p; é\)H]%I] with increasing number of training samples from 16 to 64,
256, 1024, and 4096, where the expectation is evaluated with 500 test samples.



Histograms of the ratio Error/+/Loss

Darcy Flow

200
175

06 08 10 12 14 1.6 18 20
Error / VLoss

140

120

100

Frequency
(o)} 2]
o o

S
o

N
o

Linear Elasticity

%79

12 13 14 15 16

Error / VLoss

1.0 11

Histograms of the ratio Error/v/Loss, between the RBNO error ||5,(p) — s.(p; 0)||x
(with “ground truth” FE solution 5,(p) using RT3xCGy4 elements) and the square root
of the RBNO residual loss L(s/(p; 6);p), over 500 test samples for the three problems.
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Test relative error and residual loss (PCA-Net, FNO, RBNO)

Method | Relative error in L-norm | Relative error in H-norm | Residual loss
Heat Conduction
PCA-Net | 127x10 T (252x102 )| 332x 10T (575 x10°2 ) | 1.84x 10T (3.01 )
FNO 1.82 x 1072(1.66 X 1073) | 1.46 x 10~ (1.53x 1072 ) | 1.90 x 101 (4.12
RBNO 243 % 1072 (9.35x 1072 ) | 1.86 x 1072(6.36 x 10~3) | 5.33 x 10~ %(1.44 x 1079
Darcy Flow
PCA-Net | 1.79x 10 * (7.53x10°2 )| 1.13x 10 ' (235x10-2 )| 259 (2.03 )
FNO 3.30 x 1072(1.18 x 1072) | 1.60x 107! (3.81x 1072 )| 5.10 (2.34 )
RBNO 6.39 x 1072 (2.26 x 1072 ) | 1.28 x 10—2(3.64 x 10—3) | 2.72 x 10—2(2.61 x 10—2)
Linear Elasticity
PCA-Net | 1.34x10 T (1.03x 10 T )| 327Tx 10 T (1.14x 10 T )| 246 x 10T (6.11 )
FNO 1.17 x 1072(3.34 x 1073) | 430x 10" (6.11x 1072 ) | 2.82x 10" (6.45 )
RBNO 249 x 1072 (5.89x 1073 ) | 3.91 x 10—2(8.68 x 10—3) | 4.87 x 10—3(3.56 x 10—9)

Figure 1: Comparison on the mean (and standard deviation, estimated over 500 test samples)
of the relative errors in L2 = L2 x L?-norm and H = H(div ) x H'-norm, and residual loss for
three neural networks on three problems.

e PCA-Net [Bhattacharya et al., 2021]
e FNO [Li et al., 2020]
e RBNO has similar architecture of POD-DeepONet [Lu et al., 2022]
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Visualization of ref-pred-diff of u° and ¢° (heat conduction)
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Difference u* x10-3
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Visualization of ref-pred-diff of u° and o°(Darcy flow)

Reference u* Prediction u*

Difference u* x102
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Visualization of ref-pred-diff of u° (linear elasticity)

Reference uy Reference u;

Prediction uy Prediction u;
2.0
0.0
1.0
-0.6
0.0
Difference u; Difference u;
0.000
0.02
-0.015
0.01
-0.030
0.00
= —0.045
—0.01
—0.060
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Visualization of ref-pred-diff of o (linear elasticity)

Reference o7 Reference oy
12.0 32
8.0
2.4
- 4.0
Prediction o3 Prediction o7 1.6
0.0
0.8
-4.0
0.0
D|fference o,
0.08
0-0 0.00
-0.2 0.08
-0.4 '
-0.16
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Visualization of ref-pred-diff of o5 (linear elasticity)

Reference o3 Reference o,
4.5

3.0

1.5

Prediction o5 Prediction o;
1.5
0.0
0.0 15

0.08 q Difference 5,
0.00 N ‘r'\ 1 0.16
: d 0.08
—-0.08 \ \ ‘ .‘ 0.00
-0.16 \ \ * '} -0.08
—0.24 LU u'bl“v L Wi N |R-0.16
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Summary & limitations

Summary
e Develop FOSLS loss in some PDEs with mixed Dirichlet-Neumann BCs
e Loss tracks solution posteriori error
e RBNO outperforms PCA-Net/FNO in H(div) x H! norm

Limitations
o Less favorable when the Kolmogorov n-widths decay slowly
e Assumes boundary conditions do not involve parameters

e Only consider linear PDEs (we are working on nonlinear cases)
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Interested? Please see our paper “Variationally correct operator learning: Reduced
basis neural operator with a posteriori error estimation” on arXiv.

Paper Code

Acknowledgement: NSF #2245111, Variationally Stable Neural Networks for
Simulation, Learning, and Experimental Design of Complex Physical Systems

Thank you for your attention!
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